Problems in Conformal Geometry and Dynamics
Last update: 2-20-2003

1.1f f : D! D is holomorphic, shav that jf 40)j - 1 (this is classicalSctwarz
Lemmaif f (0) = 0). Concludethat if f : D(p;x) ! D(q;") is holomorphic,then
ifp) - "=t

. For f 2 PSL,(C), denoteby ¢(f) the well-de ned quartity tr?(f) 2 C. Shov
that two non-idertity elemerts f;g 2 PSL,(C) are conjugatei® ¢(f) = ¢(9).
Verify that a non-idertity f 2 PSL,(C) is

2 hyperbolic i® ¢(f ) > 4;

2 parabolic i® ¢(f) = 4;

2 elliptic I®0 - ¢(f) < 4;

2 loxodromici® ¢(f)2 Cr [0;+1 [.

What is the relationship between ¢(f ) and the multiplier(s) of f at its xed
point(s)?

. Show that f 2 PSL,(C) represeis an involution of the spherei® ¢(f) = 0.

4. Obsene that for f;g 2 PSL,(C), the quartity tr[f;g] = tr(f gf i 1gi 1) is inde-

penden of the represemativesf and g. Show that two non-idertity elemerts
f; g2 PSLy(C) haveacommon xed point i®tr[f;g] = 2. In particular, having a
common xed point implies a parabolic commutator. On the other hand, verify
that the elemerts
H. 1 H T
f= ! 0. and g= Lil
0 ji 1 O
satisfy tr[f;g] = | 2, sothe comnutator [f;g] is parabolic, yet f and g do not
share xed points.

. Shaw that an elemen of PSL,(C) represets arigid rotation of the sphere(under
the stereographicprojection) i® it hasttﬁe form
b
i b a
Note that this givesanother proof for SO(3) 2 RP? sincethe spaceof all such
matricesis homeomorphicto the 3-spheref (a;b) 2 C? : jaj? + j§2 = 1g with the
antip odal points (a;b) and (j a;j b) identi ed.

. (lwasawadecomposition) Show that ewvery f 2 PSL,(C) can be written as

f_ua b‘ﬂub Oﬂull.
~ iba o0 .,' 01"
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wherea;b;t 2 C, jaj?+ jg2 = 1, and, > 0. Show that this decompsition is
unique, exceptthat the pair (a;b) canbe replacedby (j a;j b). Concludethat
PSL,(C) is homeomorphicto RP? £ R3.

7. (i) Show that the meromorphicform
dz- dw
(zi w)?
on € £ € is invariant under the diagonal action of Aut(€) dened by f :
(z;w) 7! (f(2); T (w)).
(i) Letf 2 Aut(H). Shaw that for all z;w 2 H,

if (@i fw)j=ijzi wjjf @)f qw)jz:

8. Show that the upper half-planeH canbeidenti ed with the subgroupof Aut (H)
consistingof real atne transformations. Usethis identi cation to make H into
a Lie group. Show that under this identi cation, ewery left multiplication L, :
w 7! zaw actsasan automorphismof H. What are the left and right invariant
areaforms of the Lie group (H; ®)?

9. Let j be asubgroupof PSL,(R). Prove that the following conditions are equiv-
alert:

(i) i acts properly discortinuously on H;
(i) For every x 2 H, the orbit j x = f°(x) : °© 2 j g is a discretesubsetof H;
(i) j is a discretesubgroupof PSL,(R).

10. Let j beadiscretesubgroupof PSL,(R) all of whosenon-idertit y elemerts have
the same xed-point set. Prove that j is cyclic.

11. Shaw that no discrete subgroupof PSL,(R) can be isomorphicto Z £ Z.

12. Let j beadiscretesubgroupof PSL,(R). Shaw that the normalizerof i de ned
by
N() =f°2PSL(R):°i°" ' %jg
is discretei® j is non-abelian.

13. Let X:;Y be Riemannsurfaces,Y, : X! X and¥% : ¥ ! Y be their uni-
versalcoverings,and j x and j v be the correspnding dedk groups. Considera
holomorphicmapf : X ! Y.

(i) Show that f lifts to a holomorphicmapF : X ! ¥ sothat f +% = Y +F.
Verify that F is unique up to postcomposition with an elemen of j v.

(i) Shaw that f inducesa group homomorphismp: jx ! iy which satis es
MC)xF =F £° forevery ° 2 j x.



14.

15.

16.

17.
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(iif) Assumenow that f is a biholomorphism. Prove that F is a biholomorphism

and that the conjugation p : °© 7! F +° +Fi ! is a group isomorphism
ix il Qv
Let X be a simply-connectedRiemann surfaceand j 1;j » ¥2 Aut(®¥) be xed-
point free properly discortinuous subgroups. Showv that the Riemann surfaces
X=iq grlld X =j , are biholomorphic i® there exists F 2 Aut(X®) sud that j, =
F i1 Fi-

Let j bea xed-point freediscretesubgroupof Aut (D). Shaw that the automor-
phism group of the Riemann surfaceD=j is isomorphicto the quotient N (j) =j.

For ¢ 2 H, denoteby i, the subgroupof Aut(C) generatedby z 7! z+ 1 and
z7! z+ ¢. Shav that any torus C=j is biholomorphic to someC=;j ;, but this
¢ is far from being unique. In fact, shov that the tori C=j, and C=j 4, are
biholomorphic i®

: oo T

Vo= act b, where a b
ce+ b’ cd

It follows that the \moduli space"of compact Riemann surfacesof gerus 1 is
isomorphicto the quotient H=PSL,(Z).

Let ¥a: H! Cr f0;1g be the universal covering map given by the standard
\elliptic modular function" (recall that Y4is obtained by mapping the ideal tri-
anglewith verticesat 0;1;1 conformally onto H and extendingit by re°ections
through the edgesof this triangle in the domain and the real line in the range).

2 SLy(2):

0 1

(i) Considerthe generatorsof the fundamenal group of Cr fO0; 1g represeted
by
. 1 it. - . 1 it .
l(t) = éel ’ 2(t) =i éel + 1 (O -t 21/’1



18.

19.

20.

21.

22.

23.

asshawvnin the gure. Find the explicit formulasof the ded transformations
in Aut(H) correspnding to thesegenerators.
(i) Show that the ded group j ¥2 Aut(H) assaiated with %is isomorphicto
the \mo dular group”
Vo[ 1 M  w U Ya

ab ., 10
c d 2 PSLy(2) : c d 01 (mod?2)

This problem givestwo practically useful methods of proving that a given map
is covering. Let X and Y be connectedtopological manifolds.

(i) Recallthat f : Y ! X is proper if fi1(K) is compactfor every compact
setK 2 X. Shavthat f : Y ! X isa nite-degreecovering map i®it is a
proper local homeomorphism.

(i) Let ussay that acortinuousmapf :Y ! X hasthe curvelifting property if
givenany curve® :[0;1]! X andanyy 2 Y with f(y) = °(0) there exists
alift &:[0;1]! Y of ° sudthat &0) = y. Shovthat f : Y ! X isa
covering map i®it is a local homeomorphismwith the curve lifting property.

Letf : X ! Y beaholomorphicmap betweenhyperbolic Riemannsurfacesand
F:D! D beanylift of f to the universal coverings. Show that F 2 Aut(D)
I®f is a covering map.

The mapsE :H! D“and]| «:D®! D" givenhy
E(z) = exp(z) and ! (2) = Z¥

evidertly de ne coverings of the punctured disk. This problem shaws that up
to biholomorphism, theseare the only holomorphic coveringsof D°. Let X bea
Riemannsurfaceand ¥%: X ! D" be a holomorphic covering map.

(i) If ¥hasin nite degreeshow that there existsa biholomorphicmapf : X !
H sudh that %= E +f .

(i) If ¥ahas nite degreek, shav that there existsa biholomorphicmapf : X !
D" sudh that Y= | \ =f.

Prove that every hyperbolic Riemannsurfacewith abelian fundamertal group is
biholomorphicto the unit disk D, or to the punctured disk D®, or to an annulus
A(l;R) =fz:1< jzj< Rgfor auniqueR > 1.

Shaw that given any two unit (in hyperbolic norm) tangert vectorsu;v 2 TH
there existsa unique f 2 Aut(H) sud that f.(u) = v. Concludethat the unit
tangert bundle of H canbeiderti ed with Aut(H) 2 PSL,(R).

Shaw that every non-idertity f 2 PSL,(R) belongsto a unique one-parameter
subgroup(=homomorphic imageof the additive group of real numbers) and that



24,

25.

26.

27.

28.

this one- parametersub%roupls conjugateto

é 0 lJ1 t llcost sintﬂ
0 ot or or

01 i sint cost
depending on whether f is hyperbolic, parabolic, or elliptic. If you idertify
PSL,(R) with the unit tangert bundle of H, can you visualize a one-parameter
subgroupgeometrically?

t7

This problem discussesnvariant metrics on non-hyperbolic Riemann surfaces.
(i) Show that there is no Riemannianmetric on € which is invariant under the
action of Aut (€). However, verify that the spherial metric

2jdzj
3=
L
on € is invariant under the action of the subgroupSQ(3) ¥z Aut( @) consist-
+b
ing of all rotations z 7! az
i bz+a

(i) Similarly, shaw that there is no Riemannian metric on C which is invariant
under the action of Aut( C). Howewer, prove that ewvery parabolic Riemann
surfaceadmits a °at Euclidean metric which is unique up to multiplication
by a positive constart.

Shawv that f 2 Aut(H) is hyperbolic i®it carriesa (necessarilyunique) Poincar§
gedlesicto itself without "xed points. This gealesicis often called the axis of
f. Verify that f actson its axis as a translation. What is the relation between
the hyperbolic length of this translation and the invariant tr2(f )?

Verify that the hyperbolic distancesin the unit disk and the upper half-plane
are given by

it awi+izi w
11i zZWji jzi wj
jZi Wi+jzi wj
jzi Wi jzi wj

distp(z; w) = log

M
disty(z; w) = log

Shaw that a given pair of points in D canbe mapped by an elemen of Aut( D) to
another pair of points i® they have the samehyperbolic distance. By cortrast,
shaw that three given points on the boundary circle @ can be mapped by an
elemen of Aut(D) to another three points on @ i® they have the samecyclic
order.

Three circlesin D are tangert to ead other and to the unit circle @ as shawn.
Prove that the hyperbolic area of the shadedregion does not depend on the
particular choice of the circles.



29. (Gauss-Bonnetin hypertolic plane) Let T be a hyperbolic triangle with vertices
inH=H[ R[ flg andwith interior angles®; ;°. Show that the hyperbolic
areaof T is%j (®+ + °). Youmay nd it easierto rst considerthe case
where® = 0 sothat the correspnding vertexison R[ flg . In this case,after
applying an automorphism (which doesnot changethe areaor angles),you can
put T is the position shovn and compute the areaby integration.

0 1

30. For an orderedquadruple (z;; z5; z3; z4) of distinct points in &, de ne the cross-
ratio by

(zzi z1)(zsi 22)
(z2i z)(z4i 23)

(i) Letf 2 Aut( é) bethe uniqueautomorphismwhich sendsz;; z,;z, t0 0; 1;1
respectively. Show that f (z3) = A(z1; 25; Z3; Z4).

(i) Verify that if f 2 Aut(&), then
A(f (20): T (22): T (23): T (20)) = A(z1; 22; 23 24)

for every quadruple (z1; z5; z3; z4). Corversely shov that if a homeomor-
phismf : €1 € presenescross-ratiosof all quadruples,then f 2 Aut( €).

Az1; 20,23, 24) = 2 Cr f0;1g:

(i) Show that A(Zl;ZZ;Zg; z4) 2 R i®the points z;; z5; z3; 24 lie on a circle.
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(iv) Let z;w be points in H and supposethat the gealesicjoining z to w meets
@ = R[ flg at z; and z,, with z betweenz; and w asshown. Prove that

disty(z; w) = logA(zy; z; w; 2,):

El E2
Let L ¥2 H be a hyperbolic geadesic. Describe the set of points in H whose
hyperbolic distanceto L is at mostd > 0.

Compute the hyperbolic perimeter L(r) and areaA(r) of a hyperbolic circle of
radiusr > 0. What is lim;, +1 L(r)=A(r)?

Two particles are at the point 0 of the hyperbolic plane D. At time t = 0 they
start moving with unit speedalongtwo gealesicsthrough 0 which make an angle
W Let “(t) betheir distanceat time t > 0. Show that

2ti (! cp ast! +1;

where ¢() dependsonly on . Comparethis with the correspnding situation
in the Euclideanplane, where2t j "(t) increasedinearly in t (unlessp= %)j.

Shaw that trianglesin the hyperbolic planeare peculiarly \thin" in the following
sense:lf AB C is any hyperbolic triangle in D and z 2 BC, then there existsa
w2 AB [ AC sud that

: P~
distp(z;w) - log(1+ 2) %2 0:881373
This phenomenonis commonin spacesof negative curvature.
Shaow that the hyperbolic metric on D® is given by

J/@ﬂ = li dZ,
jzjlogjzj '~
while on the annulus A(1;R) = fz: 1< jzj < Rg it takesthe form
Y
lag R

FEC Yidogjzj
JZ] sin TogR |

Yaar) = jdzj:

Shaw that there is no closedhyperbolic gealegicin D®. On the other hand, showv
that for the annulus A(1;R) the circle jzj = * R is a closedgealesic,and that
it is the unique closedgealesicin its free homotopy class.
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37.

38.

39.

40.

Let X be a conformal annulus that is, a Riemann surface biholomorphic to
the round annulus A(1; R) for some(necessarilyunique!) R > 1. Recall that
the modulus of X is de ned asmod(X) = zi%log R. Let * be the core curve of
X, that is, the unique closedgealesicwhich generatess(X). Shaw that the
hyperbolic length of * is given by ¥=mod(X ). In particular, squeezinghe core

curve of X makes X look thicker.

Let X be a hyperbolic Riemann surface.

(i) Show that if © is a curve in X connectingp to g, then there exists a unique
gedalesicconnectingp to g which is homotopicto ~ rel fp;qg. In particular,
if © is aloop passingthrough p, there exists a unique gealesicloop passing
through p homotopicto “ rel f pg (note that this gealesicloop may not be
a closedgedlesic;it may have a corner at p).

(i) Shawv by an examplethat there may be no closedgeadesichomotopica given
loop on X. (Howeer, it can be showvn that when X is compact, there is a
unique closed gealesic homotopic to a given loop “, and this gedalesicis
simpleif * is.)

Suppose X is a hyperbolic Riemann surfacewith the universal covering map

Ya: D! X. Forz;w 2 X, shav that

disty (z; w) = inf fdistp(&; W) : YAB) = z and Y{®) = wg:

Suppose X is a hyperbolic Riemann surfacewith the universal covering map
Y:D! X.Forz2 X de ne

r(z) = % inf fdistp(2;®) : YAB) = z = YAw) and 2 6 ®Q:

() For z 2 X and B 2 ¥ 1(z), shov that the ¥ maps the hyperbolic ball
Bp(2;r(z)) homeomorphicallyonto the hyperbolic ball By (z;r(z)). In par-
ticular, By (z;r(z)) is an embeddeddisk. Becauseof this property, r(z) is
often called the injectivity radiusat z.

(i) Show that r(z) is the largest radius for which (i) holds. In fact, verify
that the closureof Bx (z;r(z)) cortains a homotopically non-trivial loop, so
Bx (z;%) in not an enbeddeddisk if £ > r(z). Concludethat 2r(z) is the
length of the shortest homotopically non-trivial loop in X passingthrough
z.



(i) Verify that r : X | R™ is 1-Lipsditz, that is,
ir) i r(w)j- distx(z;w) for all z;w 2 X:

41. Let X be a compacthyperbolic Riemann surface(so that X hasgerus, 2).

(i) Show that there exists" > 0 sud that every loop on X of hyperbolic length
< " is homotopically trivial.

(i) Letj ¥ Aut(D) bethe ded group of the universalcoveringmap%: D! X.
Shaw that every elemen of | is a hyperbolic automorphism.

42. (Horokalls) For any p;z 2 D, let B(z) be the hyperbolic ball certered at z of
radius distp(z;p). Shav that asz! w 2 @ while p is xed, the ball B(z)
convergesto a Euclideanball H which is tangert to @ at w and hasp on its
boundary. Sud an H is called a horokall in the hyperbolic plane. Prove the
following statemerts:

(i) An automorphism® : D! D mapshoroballstouching @ at w to horoballs
touching @ at ° (w).

(i) Let H be a horoball touching @ at w. Then a non-idertity ° 2 Aut(D)
satis es®°(H) = H i®° is parabolic with xed point w.

(iii) Let © 2 Aut(D) be parabolic with xed point w 2 @. Shaw that the
certralizer

Cert(°) = f%2 Aut(D) : ° +%= %x°g

is preciselythe subgroupof all automorphismswhich presene every horoball
touching @ at w.

(iv) Let H be a horoball and ° 6 id be a parabolic automorphismwith °(H) =
H. Show that there is an 0 < r < 1 sud that the quotient Riemann
surfaceH=I1i is isometric to the punctured disk D°(0; r) equipped with the
hyperbolic metric of D°. Concludethat this quotient has nite hyperbolic
area. What is the relation betweenthe areaof H=I*i and the length of the
loop @H=I*i?

43. ljet i ﬁ)e a discrete subgroupof PSL,(R) containing the parabolic elemern ¢ =
11

01"

“a bﬂ

c d
you may nd it usefulto considerthe sequence¢, 2 | de ned by

(i) Show that for every ° = 2 j, eitherc=0orjg , 1. Tothis end,

o _— o. o — o . oj 1.
0~ n+l — niciﬁ-
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44.

45.

(i) Suppose;j is a discrete subgroupof Aut( H) which cortains the translation
¢ .z 7" z+ b(b> 0), and denote by Cert(¢) the certralizer of ¢ in j,
consistingof all translationsin j. Shaw that the horoballH = fz: =(z) > Iy
satis es

YH)\ H =; for all %42 i r Cert(¢):

(Ends) Let X be a connectedoriented topological surfaceand K = fK,g be
an ex@austion of X, that is, eath K, %2 X is compact, K, ¥z int(K,+1) and
X = Knh. An end sguene fU,g assaiated with K is a choice of a non-
empty connectedcomponert U, of X r K, for ead n, subject to the condition
Un+1 %2 U,. Two end sequence$ U, g and f U2 g assaiated with exhaustionsK
and K are consideredequivalert if U,\ US 6 ; for all n;m. Each equivalence
classof this relation is called an end of X .

(i) Verify that X is compacti® it hasno ends.

(i) If X is embeddedin a compact surfaceY, show that there is a one-to-one
correspndencebetweenthe ends of X and the connectedcomponerts of
@ LY.

(i) Show that the surfaceon the left has a unique end, while the one on the
right hastwo ends. Concludethat thesesurfacesare not homeomorphic(try
proving this without using the conceptof end!).

-
> R S A R S S s S .
— T T T T

(Cuspg SupposeX is a hyperbolic Riemann surfaceand j is the dedk group
of the universal coveringmap D ! X. An end of X is called a cuspif it
is represemed by an end sequencef U,g, where eah U,, is biholomorphic to
D°= Dr fO0g.

(i) If fU,g represets a cusp,shav that ¥4 (U,41) 2 % (U,) and that the inclu-
sionU, ! X injects ¥%4(U,) into ¥4(X).

(i) If ° 2 j isthe ded transformation correspndingto a generatorof ¥4 (U,) 2
Z, shaw that ° must be a parabolic automorphism.

(iif) Conversely show that ewvery parabolic © 2 | givesrise to a cuspin X by
completing the following sketch: The certralizer of © in j is in nite cyclic
with a parabolic generator®;. Let H = °;(H) be a horoball sud that
YH)\ H =; forall %2 j r ,i. Choosea sequenceH % H;, ¥ H, % ¢¢¢C
of horoballs all touching @ at the samepoint asH, and show that fU, =
H,=j g represels a cuspin X.
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(iif) Concludethat ewvery cuspis represeted by an end sequence U,,g, where
eath (U, ;%) is isometricto (D%(0;r,); %-) for someO < r, < 1. In other
words, a neighborhood of 0 in the punctured disk is a universalmodel for a
neighborhood of a cuspon a hyperbolic surface.

It canbe shown that any endrepreseted by a sequencd U,g in which someU,
has nite hyperbolic areais in fact a cusp.

46. Recallthat the Gaussiancurvature of a C? conformal metric .= %z) jdzj on a
Riemann surfaceis de ned by

_ . ¢ log*z).
@@ . .
where¢ = 4—— is the usual Laplacian.
@@ P

(i) Verify that this de nition makes- conformally invariant. In other words,
if z 7! w is conformal and ®w)jdwj is the correspnding metric in the
coordinate w, then

. ¢ log4z) _ ¢ log®w)

G
In particular, the de nition of - doesnot depend on the choice of the coor-
dinate z.
(i) Verify that the sphericalmetric %= 2jdzj=(1 + jzj?) hasconstart curvature
+1.
(iii) Shaw that the curvature of the metric %= cjdzj=(1i jzj?) on the unit disk
is the constart - ~ | 4=¢.
(iv) With Y2asin (iii), let L(r) be the Ys2perimeter of a circle of Yeradiusr > 0.
Shaow that
Ya 4 5
L(r) = 2% i §-r + O(r>) asr! 0
sothat

B TG L=
“'3drz 2vr =0

In other words, - measureghe third-order deviation of L(r) from the Eu-
clidean perimeter 2% whenr is small.

47. (Ahlfors's version of SchwarzLemma) Let X be a Riemann surfaceequipped
with a C? conformal metric YawhoseGaussiancurvature is everywherebounded
above by a negative constart | B. If f : D! X is a holomorphic map, shov
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48.

49.

50.

51.

that . .
i (2)if@i 1

kf {2)k = p_ for all z2 D:
@ Y6(2) "B
Youmay nd it helpful to rst replacethe hyperbolic metric % by the metric
2r jdzj
1 = - -
#2) = 12 i iz

onthe disk jzj < r < 1 and notethat the ratio %4f (2))jf 4z)j=Y%(z) tendsto zero
asjzj! r,soit hasto takeits maximum value somewherdn the disk jzj < r.

Let X be a Riemann surfacewhich admits a C? conformal metric whosecur-
vature is boundedabove by a negative constart. Ched that X cannot be con-
formally isomorphicto €. On the other hand, use Ahlfors's version of Schwarz
Lemmato shaw that any holomorphicmapC! X must be constart, soX can-
not be a parabolic Riemann surface. Concludethat a Riemann surfaceadmits
sud a metric i® it is hyperbolic.

Let U ¥ C be a hyperbolic domain. For z 2 U, let z) denotethe Euclidean
distancefrom z to @QJ. As usual, let ¥ (z) jdzj denotethe hyperbolic metric in
u.

() If U is simply-connected,show that
2

1 1
m' 7 (2) - +2)

forall z2 U. Thus, % (z) blowsup near @ at the samerate as1=42z). You
may nd it helpful to use Schwarz Lemma for the upper bound and Koebe
1=4-Theoremfor the lower bound.

(i) In general,show that there is a constart C > 0 sud that

c Yo(2) -

2
j+(2) log+(z)j +(z)

for all z2 U.

SupposeX (Y are hyperbolic Riemann surfaces.For z 2 X, let £(z) be the
Yy -distancefrom z to %D( %Y. Shaw that the inclusionmap f: X ! Y satis es
M

+(2) : _ %&(2)
tanh - ki{z)k = Y ()

- Cj¥2) logH(2)j;

whereC > 0 is a constart.
SupposeU ( Cissimply-connectedz;w 2 U, andd = disty(z; w). Useclassical
KAeke Distortion Theoremto shawv that

2, 2 .
Yo (W)
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Prove the following generalversionof KAeke Distortion Theorem: SupposeU (
C is simply-connectedand A : U ! C is univalent. Let K % U be compact,
with hyperbolic diameterd. Then
y Ya
4d

Z
A 2)j
— -1Z;w2 K- e
JA(W)j
Shaw that normality is alocal property. More preciselylet X andY be Riemann

surfacesand F Y2 Hol(X;Y). Shaw that F is normal i® every z 2 X hasa
neighborhood U sud that Fjy %2 Hol(U;Y) is normal.

Let X and Y be Riemann surfaces,Y be compact, and F ¥2 Hol(X;Y). Show
that F isnormal i®for every compactsetK ¥z X thereexistsa constart M (K) >
0 sud that

sup

sup kfY2)k- M(K):

f2F;z2K

Herethe norm kf {z)k canbe measuredwith respectto any smooth Riemannian
metricson X and Y.

Let f,(z) = z+ n. Show that ff,g, asa family of holomorphicmapsC ! C,
tends locally uniformly to in nity in C. On the other hand, show that ff,qg,
as a family of holomorphic mapsé 1 &, convergespointwise to the constan
function €1 flg but this convergenceis not uniform (in other words, f , does
not corvergein Hol(é; @)).

SupposeA;B;C : X ! € are holomorphic maps with distinct valuesat eat

point of X. Let f, : X ! & be a sequenceof holomorphic maps sud that
fn(z) 8 A(z) fn(2) 8 B(z) fn(2) 6 C(2)

for every z 2 X and ewery n. Show that ff,g is normal.

(Picard's Great Theorem) Let f : D I C be holomorphic, with an essehal
singularity at 0. Apply Montel's Theoremto an appropriately de ned family of
holomorphic mapsto shaw that Cr f (D") cortains at most one point.

This problem shows that non-constan proper holomorphic maps have a well-
de ned \mapping degree" (the number of preimagesof a point courting mul-
tiplicities). Supposef : X ! Y is a non-constan, proper holomorphic map
betweenRiemann surfaces.

(i) Let C be the setof critical points of f and V = f (C) be the set of critical
values. Verify that C, henceV, is discrete. Shav that

f:Xr fil(v\)! vYr vV

is a covering map of some nite degreed. It follows in particular that
f(X)=Y.
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(i) Show that for everyw 2 Y,
X
degf;z) = d:

z2fi 1(w)
Herededf ; z) denotesthe local degreeof f at z.

(i) Canyou nd a proper holomorphic map of degree2 with in nitely many
critical points?

59. (Branchal coveringg This exercisedewelopsa topological analoguefor proper

holomorphicmaps. Let X andY betwo connectedoriented topologicalsurfaces.
A cortinuousmapf : X ! Y is called a branchal covering if for every q2 Y
thereds an open ball V(q) sud that f 1(V(q)) is the disjoint union of open
balls ;i1 U(P), and the action f : U(p) ! V(q) is like a power, that is,

there are homeomorphisms' : U(p) i? D and A : V(0 i? D sud that
A+f +' i 1(z) = Z¥ for somek , 1. The integerk, which is independert of the
choiceof' and A, is calledthe local degree of f at p and is denotedby ded(f ; p).
We call p 2 X a branch point if deg(f;p) > 1, and g2 Y arami ed point if
g = f(p) for somebranch point p. We denoteby B and R = f (B) the set of
branch and rami ed points of f, respectively.

() Show that B and R are discretesets.

(i) Shavthat f : X r fi3(R)! Y r R isacovering map, with a well-de ned
degreel- d- +1.

(i) Assumed < +1 . Show that for everyq2 Y,
X
dedf;p) = d:

p2fi 1(q)

(iv) Prove that a non-constarn holomorphic map between Riemann surfacesis
a nite-degree branched covering i® it is proper. In this case,the branch
points correspnd to the critical points and the rami ed points correspnd
to the critical valuesof f .

60. Let f : X ! Y bea branched covering of nite degreed, 1.

(i) SupposeV % Y is a domain and U % X is a connectedcomponert of
fil(V). Shavthat f : U! V is a branched covering of somedegree- d
(in particular, it is surjective).

(i) If in (i) the domainV is simply-connectedand U cortains no branch point,
provethat f :U! V is a homeomorphism.

61. (The Monodromy Theorem) Supposef : X ! Y is a non-constan proper holo-

morphic map, and V %2 Y is a simply-connecteddomain cortaining no critical
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63.

64.

65.

66.

67.

68.
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value of f. Then there exists a holomorphicmap g : V ! X which satis es
f +g= id. One calls g a \holomorphic branch of f i 1."

Letf : D! D beadegreetwo proper holomorphic map. Show that there exist
¥ ¢ 2 Aut(D) sud that (¥axf +¢)(2) = 22 for all z.

Let X be a compact Riemann surfaceof gerusg, landf : X ! X bea
non-constam holomorphic map. Use Riemann-Hurwitz formula to shaw that

(i) If g = 1, thenf is a covering map of nite degree(which could take any
value, 1).

(i) If g> 1,thenf is a biholomorphism.

Letf : X ! Y beanon-constar holomorphicmap betweencompacthyperbolic
surfaces.If f hasN , 1 critical points courting multiplicities, show that

N
1+ — < supkf {z)k? < 1:
Ay < Sup 1z)

(Degree-GenusFormula) Let X % CP? be a non-singular algebraic curve of
degreed. Shaw that the gerus of X is given by

(di 1)(di 2)

2
by completingthe following sketch: SupposeX is de ned asthe zerolocusof an
irreducible degreed polynomial P (z; w). Usingthe fact that CP?r fpointg b ers

over CP! 2 &, dene a branched covering X ! € and apply Riemann-Hurwitz
formula.

Let U;V % & be hyperbolic domains, with V simply-connected. Supposef :
U! V isaproper holomorphicmap of degreed , 2 with a singlecritical value
v. Shaw that f i 1(v) consistsof a singlepoint ¢, and there are bohilomorphisms
‘' Ur feg! DandA:Vr fvg! D®sudithat A+f +' i1(z) = z9 for all
z2 D"

Supposef is a holomorphic self-mapof a hyperbolic Riemann surfaceX .
() If f hastwo xed points in X, show that f*" = idy for somen.

(i) If f hasa xed point zg whosemultiplier f 4zo) is an n-th root of unity, show
that f*" = idy.

Let X be a compact Riemann surfaceof gerus g , 2. Show that ewvery non-
constart holomorphicmap X ! X is a nite-order automorphism. (A classical
theoremof Hurwitz assertsthat Aut( X ) isa nite group of order at most 84(g

1).)
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69. Let X be a Riemann surface,f : X | X be holomorphic, K ¥2 X be non-
empty and compact, and f (K) ¥2 K. Prove that the following conditions are
equivalert:

()
(ii)

(iii)

There exists a conformal metric %2de ned in a neighborhood of K and a
constart , > 1 sud that kf {z)ks,> , foreweryz2 K.

There exists a conformal metric ¥2de ned in a neighborhood of K and con-
stants C > 0;, > 1sud that k(f ®™)Y2)k,,> C " foreveryz 2 K and ewery
n, 1.

There existsa conformalmetric ¥2de ned in a neighborhood of K , a positive
integern and a constart | > 1 sud that k(f *™)Yz)k,,> , foreweryz 2 K.

(Note that the metricsand the constaris in (i), (ii), or (iii) areperhapsdi®eren).
If any and henceall of theseconditions are satis ed, we sa that f is exmnding
on K. An important corollary is that whenf is expandingon K andz 2 K,
k(f ™%2)ky,! +1 exponertially fastfor any conformalmetric de ned nearK .

70. For ¢, 2 H, considerthe lattice @ = Z+ ¢ Z in C. Let g denotethe atne map
z7' ®+ ,where®, 2 C.

(i)

(ii)

(iii)

(iv)

Shaw that g inducesa holomorphicself-mapofthe torus T = C=x i®®r %% o
(note that this puts no restriction on  and is always satis ed if ® 2 Z).
Show that the resulting map T ! T is a covering map of degreej®j?; in
particular, j&2 must be an integer.

Shaw that there existsan ® 2 Z with the property ® %% o i® ¢, satis esa
guadratic equation of the form

A¢?+Be+ C=0 with A;B;C2Z and B?< 4AC:
Sud a lattice is said to admit a complexmultiplication.
Classify all lattices @ and all numbers ® sud that

=1 ®681 and ® Yuo:

Fix any ® 6 0 sud that ® %% o, Verify that for any zy, the equation
g9(z) = ® + ~ = z, hasj®? distinct roots in T. If ® 6 0;1, shawv that g
hasj®;i 1j? distinct "xed points in T; in particular, j®; 1j2 must also be
an integer. More generally if ® is not an n-th root of unity, shav that g*"
hasj®" i 1j? distinct xed points in T; in particular, j® i 1j2 must be an
integer.

71. For ¢, 2 H, considerthe Weierstrassunction } , : C ! & assaiatedto the lattice
Z+ ¢Z. Letf, : €! & bethe degreen? Lattps map satisfying f ,(} ;(2)) =
} .(nz) forall z2 C.
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(i) Shaw that for every pair ¢, %2 H, the Lattpsmapsf , andf,aretopologically
conjugate.

(i) For what pairs ¢, %2 H aref, and fs, conformally conjugate?

For a rational map f : ! € let C(f ) denotethe set of critical points and
V(f) = f(C(f)) the setof critical valuesof f. Show that for any k , 1,
it it
C(f*) = fil(C(f)) and V(f*)= fA(V(f)):
j=0 j=0

Let f 2 Raty with d , 2. SupposeK is a non-empty compact set which is
totally invariant underf (that is, fi }{(K) = K).

() If #K - 2, showv that K is cortained in the exceptionalset E(f ) consisting
of grand orbit nite points.

(i) If #K . 3,showv that K % J(f).

Part (i) says that the Julia set is the smallest compact totally invariant set
which hasat least 3 points.

Letf 2 Ratgwithd, 2. If#E(f) = 1,shavthat f isconjugateto apolynomial.
If # E(f) = 2, show that f is conjugateto z 7! z9 orz 7! zi 9.

Let f;g2 Raty with d, 2. If f and g commute, shawv that J(f) = J(g). Is the
corversenecessarilytrue?

Let f 2 Raty with d, 2. Show that the automorphismgroup of f , de ned by
Aut(f) = £%2 Aut( @) : %atf = f +%g;
is always nite. Can you descrite this group whenf (z) = z9?

Let f 2 Raty with d, 2, and supposeU is a Fatou componert of f . Show that
f (U) is alsoa Fatou componert andthe mapf : U ! f(U) is proper with a
well-de ned degree- d.

Let f 2 Raty with d , 2. SupposeU = fil(U) is a totally invariant Fatou
componert of f. Showv that @QJ = J(f) and all other Fatou componerts of f

are simply-connected. For the secondclaim, you may nd it usefulto arrange
1 2 U and apply the Maximum Principle.

Letf : C! C be a polynomial map of degreed , 2. De ne the basin of
attraction of in nit y by

A, =fz2C:f*(2)! 1 asn! 1g:

Shav that A; % F(f) is open, cortains fz : jzj > Rg for a large R > O,
andfiY(A;) = A;. Shaov that A; isin fact a connectedcomponert of F (f).
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Concludethat J = @\; and all other Fatou componerts of f (i.e., the bounded
ones)are simply-connected.

80. Let f 2 Raty with d , 2. Supposef hasonly a nite number k of Fatou
componerts. Show that k - 2.

81. (Finite Blaschkeproducts) This problem discussesa special class of rational
mapswhosebehavior is reminiscert of the simplemapsz 7! z¢. Letf :D! D
be a proper holomorphic map of degreed.

(i) Show that f is a nite Blastke product, that is,

VO |
(@=. 3
I
for some, 2 @ and (not necessarilydistinct) a;;::: ;a4 2 D. In particular,

f extendsto a degreed rational map of the sphere.

(i) Show that this rational mapf commuteswith the re°ection z 7! 1=z. Show
that z is a critical point of f i® 1=z is critical. Ched that f hasd;j 1 critical
points in D and hencethe samenumber of critical points in €r D. Conclude
that f hasno critical point on the unit circle.

(i) Now let d, 2. Show that either J(f) = @ or J(f) is a Cantor setin @D.
Give examplesshowing either caseis possible. Concludethat f hasoneor
two Fatou componerts. What are the possibletypesof thesecomponerns?

(iv) Still assumingd , 2, supposethat f (0) = 0. Use Schwarz Lemmato show

that ewvery orbit in D tendsto O, and henceewery orbit in €r D tendsto
1 . Concludethat J(f) = @D.

(v) Let f beasin (iv), sothat J(f) = @. Shavthat f : @ ! @ is a d-
to-1 covering map which expandsthe Euclidean metric. More precisely let
1- m- dbethelocaldegreeoff at 0. Show that whenjzj = 1,jf {z)j = m
ifm=d andjfY2)j>mif1- m- dj 1.

(vi) Let f be asin (iv). Shav that the action of the expandingmap f on @
presenes Lebesguemeasureon the circle and is ergadic with respect to it.
(Think of the harmonicextensionof a suitable function de ned onthe circle.)

82. (Shrinking Lemma) Let f 2 Raty with d, 2. SupposeU Y2 € is a domain on
which a branch g, of f1 " canbe de ned foreveryn , 1. 1f U\ J(f) 6 ;, showv
that kg’ks, ! 0 locally uniformly in U. Concludethat for every compact set
K % U, the sphericaldiameter of g,(K) tendsto zeroasn! 1.
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UseShrinking Lemmato give another proof for the fact that indi®erert points in
the Julia setaswell asboundariesof Siegeldisksand Hermanrings are cortained
in the postcritical set.

Recall that the action of a rational mapf : € ! € is ergadic if f 1 }(E) = E
impliesE or €r E hasmeasurezero. Usethe classi cation of Fatou componerts
to prove that J(f) = € if f is ergadic.

Recall that if f 2 Ratq with d , 2, either J(f) = € and the action of f on
J(f) is ergdlic, or disty(f *"(z);P(f)) ! 0 for almostevery z 2 J(f) (this is
\Ergodic or Attracting Theorem").

(i) Show that if f is expanding,then J(f ) has measurezero.

(i) Letussaythat f isgeometrically nite if every critical point in J(f ) has nite
orbit (and henceall the critical points in the Fatou set tend to attracting
or parabolic cycles). Generalizing(i), shaw that if f is geometrically nite,

then either J(f ) = €orJ (f ) hasmeasurezero.

Let f 2 Raty with d , 2. Supposeall the critical points of f are strictly
preperiodic, i.e., they are not periodic but ewvertually map to periodic points.
Shaw that J(f) = €. As an example,f (z) = (i=2)(z + zi 1) hascritical points
at z = 81 with critical orbits

g17'8i7mo71 @

soJ(f) must be the ertire sphere.

Give an example of a non-idertity homeomorphism' : C! C which satis es
@ = 1and @ = 0 almost everywhere.

Shav that a homeomorphism' : €1 &is quasiconformali® thereisa C > 0
sud that for every quadruple (a;b;c;d) of distinct points in e,

dist(A(a; b;c;d); AC (a);" (B);' (0);" (d)) - C:

Here\dist" is the hyperbolic distancein Er 10 1; 1g , and A is the cross-ratio.
Shawv that the maximal dilatation K of ' and the constant C depend only on
eadt other.

Let X be a Riemannsurfaceand G be a nite group of quasiconformalhomeo-
morphismsX ! X . Show that there existsa RiemannsurfaceY anda quasicon-
formal map' : X ! Y sud that the conjugategroup' +G=+' i ! isa subgroup
of Aut(Y). In other words, a nite group of quasiconformalmapsactsasa group
of conformalmapsif seenin an appropriate coordinate system. (This result can
be generalizedo any group of uniformly K -quasiconformalhomeomorphisms.)
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90.

91.

92.

93.

94.

Let f : 2! S be a nite order di®eomorphism. Showv that there exists a
di®eomorphism : S$?! £ sud that the conjugatemap' +f +' 1! is a rigid
rotation.

(Smale's Theorem) Using the Measurable Riemann Mapping Theorem, shov
that Di®" (S?) has a deformation retract onto SO(3). You may nd it useful
to rst retract Di®" (S?) onto the subgroup Aut( @) and then use problem 6 to
construct a deformation retract of Aut(é) onto SQO(3).

Let ¢ be a Beltrami di®eretial on € with kt k; < 1. Assume! is symmetric
with respectto the unit circle @, i.e.,* = 1°1, wherel (z) = 1=z. If ' : €1 &
is the unique quasiconformalmap which xes 0;1;1 andsatises@ = * @,
show that ' commnutes with | sothat ' (@) = @D.

Shaow that locally boundedBeltrami di®erenials are integrable. More precisely
let X be a Riemannsurfaceand * be a measurableBeltrami di®eretial on X

with the property that every point in X hasa neighborhood U sud that k* ky <

1. Prove that there exists a Riemann surfaceY and a locally quasiconformal
homeomorphism' : X | Y sudthat @ = * @. Moreover,' is unique up
to postcomposition with a biholomorphism. (As a special case,it follows that

every cortinuous Beltrami di®erettial is integrable.)

Let* beacorntinuousBeltrami di®eretial on D which is rotationally symmetric,
i.e., Rit =1t for ewvery rotation Ry(z) = e¥z.

(i) Show that there is a locally quasiconformalhomeomorphism' : D! D
or C, satisfying@ = ' @, which comnutes with every rotation (so that
it hasthe form ' (ret) = ' (r)€" in polar coordinates). You can prove this
statemen usingthe generaltheory, but it is instructiveto verify it by solving
the Beltrami equationfor ' directly.

(i) Asusual,let D = (1+ j*))(1 i j*)) be the real dilatation of 1, which by
symmetry dependsonly onr = jzj. Show that the Riemann surface(D;?)
is conformally isomorphicto D or C accordingas

YA A
. D(r
lim L dr
ALl g5 T
cornvergesor diverges.



